In a recent paper 4] we have studied the problem whether the period map of a periodic delay equation has a complete span of eigenvectors and generalized eigenvectors. There is an abstract theory (see 4] and also 3]) that can be used to verify whether the eigenvectors and generalized eigenvectors corresponding to the nonzero spectrum of a compact operator from a given class of operators are complete. To use the abstract results one needs good estimates for the resolvent operator near in nity and to compute the resolvent explicitly one often has to solve a boundary value problem. In this paper we rst give an abstract theorem and then we discuss some explicit examples.
A Result about Completeness
Let H be a complex Hilbert space and let T : H ! H be a compact operator. Let E T denote the span of the eigenvectors and generalized eigenvectors corresponding to the nonzero eigenvalues of T. If E T is dense we call the system of eigenvectors and generalized eigenvectors complete. In general, the nonzero spectrum of a nonselfadjoint compact operator T can be empty and to study T, one rst introduces the singular values of T using the compact positive selfadjoint operator T T. One should note that the operator T is a two dimensional perturbation of a Volterra operator. Thus the example shows that a nite rank perturbation of a compact operator with no nonzero eigenvalues can have a complete span of eigenvectors and generalized eigenvectors. This rather surprising fact is the object of further study. As an illustration of di culties we will give another example of a nite rank perburbation of a Volterra operator that, although the perturbed operator has in nite nonzero spectrum, does not have a complete system of eigenvectors and generalized eigenvectors.
A Noncompleteness Result
Let H be as before and To construct a pair (c; ) 6 = (0; 0) such that (I ? izT ) ?1 (c; ) is an entire function we proceed as follows. If c = 0 and is such that there exists an entire function f with l(iz; ) = det (iz)f(iz), then This completes the proof that the system of eigenvectors and generalized eigenvectors of T given by (3.1) is not complete.
We conclude with a remark. From the de nition of T it is easy to see that the eigenvectors and generalized eigenvectors of T are identically zero on the interval ?2; ?1]. Therefore, the system of eigenvectors and generalized eigenvectors of T cannot be complete. Thus in this example we see that both T and T are not complete. For this type of operators this is a general fact (see 3]). Therefore to show that completeness fails for T, it actually su ces to prove the existence of a pair (c; ) such that z 7 ! (I ? izT) ?1 (c; ) is entire: It is not di cult to see that any pair (c; ) with c = 0, ( ) = 0 for ?1 0 and not identically zero, has this property.
